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In recent years, several papers (for a complete reference list, see Chirka and Stout [3]) have 
been published on the subject of removable singularities for the boundary values of holomorphic 
functions on some domains or hypersurfaces in the complex euclidean space. 

In this paper, we study the higher codimensional case. Our results for the hypersurface case 
are weaker than those in [3] and [4], for the smoothness assumption. 

Note with T Zo M the usual tangent space of a real manifold M C C n at zq G M and by 
T° Q M = T ZQ M n JT ZQ M its complex tangent space, where J denotes the complex structure 
on TC n . M is said to be generic if T Z M + JT Z M = T z C n for all z G M. We consider 
continuous distributional solutions of the tangential Cauchy-Riemann equations on M, which 
will be referred as CR functions on M. Let Zq G M. By a wedge of edge M at Zq, we mean an 
open set in C n of the form 

W = {z + f]; z eU,r]eC}, 

for some open neighborhood U of z in M and some convex truncated open cone C in T Z0 C n /T Z0 M, 
i. e. the intersection of a convex open cone with a ball centered at 0. 

Let now N 3 zq be a proper C 1 submanifold of M and assume that M is minimal at zq. Our 
submanifolds will always be assumed to be embedded submanifolds. Call N removable at zq if 
there exists a wedge W of edge M at zq with CR functions on M\N extending holomorphically 
into W and continuously in W U (M\N). 

Our main results are the following. 

Theorem 1. Let M be a C 2,a -smooth (0 < a < 1) generic manifold in C n (n > 2) minimal at 
every point, with CRdim M = p > 1. Then every C 1 submanifold N C M with codimuN > 3 
and T Z N ~f) T£M for every z G N is removable. 

Theorem 2. Let M be a C 2,a -smooth (0 < a < 1) generic manifold in C n (n > 3) minimal 
at every point, with CRdim M = p > 2. Then every connected C l submanifold N C M with 
codirriMN = 2 and T Z N ~b TIM for every z G N is removable provided N does not consist of a 
CR manifold with CRdim N = p — 1 . 

Minimality is understood in the sense of Tumanov. The following theorem is due to Joricke, 
via a minimalization theorem [5] . We recall her proof and give another one. 
Theorem 3. Let M be as in Theorem 2 and let N be a connected C 2 submanifold with 
codimMN = 1 which is generic in C n . Let zq G N , let $ be a closed subset of N with $ ^ N and 
6$ 3 zq. If does not contain the germ through zq of a CR manifold £ with CRdim S = p—1, 
$ is removable at zq. 

It should be noted that, though not being a CR manifold, a two-codimensional manifold 
can contain proper submanifolds £ with CRdim E = p — 1 and 2p — 2 < dim £ < 2p + q — 2. 
Hence our Theorem 2 is far from being a corollary of Theorem 3, even in the hypersurface case. 
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Instead of considering continuous CR functions or CR distributions, one is led in the study 
of removable singularities in complex analysis to consider functions holomorphic into wedges 
without growth condition at all. Thus another notion of removability is as follows. By a wedge 
attached to a generic manifold M, we mean an open connected set which contains a wedge of 
edge M at every point of M with a continuously varying direction in the normal bundle to M. 
Let <£> C M be a proper closed subset of M. Call $ removable if, given a wedge W attached to 
M\<3>, there exists a wedge W attached to M such that holomorphic functions into Wo extend 
holomorphically into W. (For a precise definition, see Proposition 5.5). 

We point out that the merit of our "deformation philosophy" is to show that the two notions 
of removability are rather one and the same. Theorems 1, 2 and 3 hold for both. 

Theorem 4. Let M,N be as in theorems 1,2,3 respectively and let Wo be a wedge attached to 
M\N . Then there exists a wedge W of edge M at zo such that holomorphic functions into Wo 
extend holomorphically into W. 

Remark 1. We give a proof of Theorem 4 with an everywhere minimal manifold M, but it 
is possible to prove removability of N in the wedge sense without any minimality assumption 
on the base manifold. 

Remark 2. Let M, N, $ be as in Theorem 3. We choose a formulation avoiding the notion 
of orbits, but we shall obtain a more global result, if N is assumed to be a closed embedded 
submanifold: $ is fully removable if $ does not contain any CR orbit of N. 

Remark 3. The condition that the tangent space to N does not contain the full complex 
tangent space to M at z means, roughly, that the CR geometry is not entirely absorbed at 
that point. Such a hypothesis seems unavoidable and is commonly made in the hypersurface 
case [3] [4]. However, in the real analytic category, we can dispense ourselves of it in Theorem 
1 (Corollary 4.3) and presumably also in Theorem 2. 

Remark 4- We shall also derive in Theorem 5.2 below removability of a proper closed subset 
$ in a connected C 1 manifold N of codimension two in M with the condition on the tangent 
spaces, for general p > 1, thus extending Theorem 1. When p > 2 and N is not a (p — 1)- 
CR manifold, the set N\N CR of generic points is nonempty; these points are naturally shown 
to be removable, since one can prove there that CR functions on M\N are locally uniformly 
approximable on compact subsets of M\N by holomorphic polynomials (Proposition 5.B) and 
then apply the propagation method of Trepreau or the one of Tumanov (both can be applied). 
To finish out the proof of Theorem 2, one then invokes Theorem 5.2 with the set <£> = N CR ^ N 
of (p - 1)-CR points of N. 

Remark 5. The content of the sufficient condition in Theorem 2 can be explained as follows, 
at least locally. For every holomorphic function g near z with g(z ) = and dg(z ) ^ 0, 
the complex hypersurface E g = {g = 0} intersects M along a two-codimensional submanifold 
N = E g H M, whenever E g is transversal to M in C n at Zq, i.e. T 2() S 9 + T Z0 M = T Zo C n . Then 
the restriction of 1/g to M\N does not extend holomorphically into any wedge of edge M at 
Zo, since T" Z0 E g absorbs the whole of the normal bundle to M at z . In that case, N is a CR 
manifold with CRdim N — p — 1, since it is generic in E g . 

One can prove a converse statement when iV is CR and minimal. 

Recall that an analytic wedge W ara with edge a CR manifold iV is a complex manifold with 
edge N, smooth up to N, with dimension equal to the rank of the bundle TN + JTN. 

Theorem 5. Let M be a C 2,Q -smooth generic manifold in C n (n > 3) with CRdim M = p > 2 
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and let z e M. Let N 3 z be a C 2 ' a CR submanifold of M with codirriMN = 2, CRdim N = 
p — 1, T ZQ N + T^M = T ZQ M which is minimal everywhere. Then there exists a wedge W of 
edge M at zq and an analytic wedge W an with edge N which is a closed complex hypersurface 
in W such that every CR function on M\N extends holomorphically into W\W an . 

Here is a description of the content of the paper. In Sections 1 and 2, we recall the notion 
of the defect of an analytic disc attached to a generic manifold. This will be useful to insure 
the existence of a good disc. In Section 3, we introduce isotopies of analytic discs and delineate 
a continuity principle. In Section 4 and 5, we complete the proof of Theorems 1 and 2 by using 
normal deformations of analytic discs in the main Proposition 4.1. 

Acknoweledgment. The author wishes to thank J. M. Trepreau for having helped him to 
considerably improve the results, their statement and the overall quality of the article. 

1. Preliminaries. This paragraph is concerned with results of Tumanov [9] and extracted 
from Baouendi, Rotshchild and Trepreau [2]. 

Let M be a CR generic submanifold of the complex euclidean space, T ZQ M its tangent space 
at z e M and T 2 C () M = T ZQ MnJT Zo M its complex tangent space, where J denotes the standard 
complex structure on TC n . Set p = CRdim M and q = codim M and assume that p > and 
q > 0. In the following, M will always be of smoothness class C 2,a . An analytic disc in C™ is 
a continuous mapping A : A — > C n which is holomorphic in A, where A is the open unit disc 
in C, A = {( G C; |C| < 1}, A = A U 6A and bA is the unit circle in C. We say that A is 
attached to M through z if A(bA) C M and A(l) = z Q . We shall always assume all analytic 
discs to be in the Banach space B = (C^(A) n 0{A)) n and we set B = {AeB; A(l) = z } 
or £> = (Co' a (A) fl 0(A)) n , where Co' a (A) denotes the set of C l ' a functions on A vanishing at 
1. 

Note with z the constant disc and consider, for e > the neighborhood 

B Z(h£ = {Ae (C 1,a (A) n 0(A)) n ; A(l) = z ,\\A - z \\ c ^ < e} c B (1) 

If r G C 2 ' a (U, R 9 ) is a definig function for M in a neighborhood U of z in C n , we introduce 
the mapping R : B ZQt£ — > T defined by 

A->(C->r(A(C))), (2) 

where T = Co' a (6A, R 9 ) is the subspace consisting of Revalued functions of class C 1,a on bA 
vanishing at 1. 

With these notations, the subset A C B Z0:£ of discs that are attached to M is given by 

A = A zo , £ = {Ae B Z(h£ ; R(A) = 0}. (3) 

Lemma 1.1. A is a Banach submanifold of B Z(h£ parameterized by (Co' Q (A) fl 0(A)) P . 

Proof By virtue of the implicit function theorem in Banach spaces, it is sufficient to prove 
that the differential mapping R'(z ) :B§^>T possesses a continuous right inverse S. 

The matrix r z = (^f-(zo))i<j< q ,i<k<n has rank q, since M is generic. Let D be &nxq matrix 
such that r z (z )D = I qxq . For A e B and A e B ZQ>£ we have 

[R'(A)A](0 = 2Re(r z (A(C))A(0), (4) 
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and if we set, for / G T 

S(f) = ±D{f + iT 1 f), (5) 

where T\ denotes the Hilbert transform of / vanishing at 1, we get 
2R'(z )S(f) = 2r z (z )S(f) + 2r z (z )S(f) _ 

= r z (z )D(f + iTJ) + r- z (z )D(f - iTJ) 
= 2f. 

S : T — > £> is the continuous right inverse of R'(z ) we searched for. Furthermore, the closed 
subspace Ker R'(z ) = E which parameterizes A in a neighborhood of z$ consists of discs 
A e B such that 2Re r z (z )A e on 6A. E is isomorphic to (Cd' Q (A) n 0{A)) P , since 
rg r z (zo) = q and, for every function /, holomorphic in A and continuous up to bA such that 
2Re / = on bA, there exists a constant c G R such that / = ic in A (if /(l) = 0, necessarily 
c = 0). This completes the proof. 

Defect of an analytic disc. Let M be generic as before. We shall define the defect of an 
analytic disc A G A as follows. Let E(M) C A 1,0 (T*C n ) denote the conormal bundle to M in 
C n . Its fiber at z G M are given by 

S 2 (M) = {wG A^°(T*C"); Im < u,X >= VX e T Z M}. 

We consider analytic discs B : A — > A 1,0 C™ attached to E(M). Choosing z n , /ii, /i n ) 

as holomorphic coordinates on A 1,0 C™, 5(C) = (^(0^(0) is attached to E(M) if and only if 

A(bA) C M and ^/i 3 (()^ G S A(() (M) C G bA. (6) 

The set Va of discs that are attached to E(M) can be equipped with a vector space structure 
on the fiber component. For ( E bA, we set 

n 

V A (C) = {ooe E A(0 M; u = E^'(0^, (^(0,^(0) G Yk}. (7) 

j'=i 

Definition 1.2. If ( e bA and A is a disc attached to M, the defect def^A of A at ( is the 
dimension of the vector space Va(C)- 

The canonical identification between A 1,0 C n and T*C n enables one to identify also E(M) 
to the characteristic bundle of the CR vector fields on M, (T C M) X C T*M (see [2] or [6]). Let 
R 9 * denote the dual space to R 9 . 

Proposition 1.3. If e > is sufficiently small and A e A ZQi£ = A, the defect def\A is 
independent of ( G bA. More precisely,, 

V A (Co) = {£e T* A{Co) M, $ = ibv(( )dr(A(( )); 

b G R 9 * and ( i— > 6z/(C)r 2 (A(C)) extends holomorphically to A}, 

where v(Q is the unique q x q invertible matrix with coefficients in C 1,a (6A,R) such that 
i/(l) = I qxq and ( i— > z/(C)r 2 (A(C))-D extends holomorphically to A. 

Proof. A disc £(£) = (A((),/i(()) is attached to E(M) if and only if 

E^(C)d^ = ft(C)9r(^(0) (8) 
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with pLj(C) extending holomorphically to A and bA 3 ( i— > t(() G R 9 * being of class C 1,a (6A). 
As a consequence, the mapping 

C » it(()r z (A(())D G C« (9) 

extends holomorphically to A. The existence and uniqueness of a matrix such that ( i— > 
i/(^)r z (A(^))£) extends holomorphically to A can be established, using elementary Banach space 
techniques, by noting that r z {A{Q)D is close to the identity if the size e of A is sufficiently 
small. 

Then i(C)r z (A(C))£(^(CK(,4(C))-D) _1 = i(CMC) _1 extends holomorphically to A. Since t and 
v are real and z/(l) = I qxq , t(() = t(l)u(() for ( G bA and the form for Va(Co) follows if one 
sets b = t(l). 

The proof of Proposition 1.3 is complete. 

For a fixed (o £ bA, we define the evaluation map JF^ : B — > C n given by 

F <0 (A)=A{C ). 

Also, for A G B, the tangential direction mapping at £ = 1, 

= — (1). 

If ^ and Q are restricted to the Banach submanifold A constructed above, their differentials 
at A G A are linear applications 

T'^A) : T A A - T A(fo) M : T A „4 - T 20 M. 

Notice that ^i(-A) = 0, since J-'i(A) = z for each A E A. 

Theorem 1.4. Le£ Co e &A,C 7^ 1- If £ is sufficiently small, A e A = A zo , £ and V A ((o) c 
Tl (Co) M denned 6?/ (7), 

(i) r Co (A)T A A = ^ 4 (Co) ± C T A((o) M 

(ii) Q'(A)T A A = V A (1) L C T 20 M, 

where orthogonality is taken in the sense of duality between TM and T*M. 

Since Va(Co) can be viewed as a subspace of (T^^M) 1 - C T\^M , we have the following 
corollary of Theorem 1.4. 

Corollary 1.5. Under the assumptions of Theorem 1.4, the codimension of T'^ {A)TaA in 
Ta(c )M and the codimension of Q'(A)T A A in T ZQ M coincide and are equal to the defect of A. 
Furthermore, the following inclusion holds 

T c A{Co) M C T' <0 {A)T A A and T^M C Q'(A)T A A. 

For the proof of Theorem 1, which is due in substance to Tumanov, see Baouendi, Rothschild 
and Trepreau [2]. In Section 2 below, we plain to use Corollary 1.5 and the independence of 
the defect of a disc on everywhere minimal manifolds. 

Remark. A better regularity of discs attached to C 2 ' a -smooth manifolds can be obtained by 
analysing Bishop's equation as, for example, in [10]. 
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2. Existence of a disc. In sections 4 and 5, we shall need an embedded disc A G A such that 
A(l) G N, A(bA\{l}) C M\N and ^| e=0 A(e if? ) G" T A(1) N to perform removal of singularities 
along that disc. In the present section, we show how we can derive the existence of such a disc 
from the hypothesis that M is minimal at every point. 

In the rest of the paper, the word neighborhood always means open neighborhood. 

Let N C M be a C 1 submanifold through z with codim M iV > 2, T Z0 N ^ T C Z JA and pick a 
C 1 generic manifold Mi C M containing iV with codim M Mi = 1. We can assume that z = is 
our reference point in a coordinate system (w, z) = (wi, w p , z±, z q ),w = u + iv G C p , z = 
x + iy G C q such that T C M = C p w x {0}, T M = C p w x R« and T Mi = {y = 0, Vl = 0}, 
Tq M fl T Mi = {z = 0, f i = 0}. Then M is given by the q smooth scalar equations 

y = h(w, x) he C 2 ' a , h(0) = dh(0) = 0. (10) 

Using the solution of Bishop's equation given in [10], one can see that for sufficiently small c > 0, 
the embedded disc A c : ( i— > A C (Q = (w c ((), z c (Q) with w-component w c (() = (c(l — C),0, ...,0) 
and ^-component satisfying the functional relation (called Bishop's equation) 

x e (Q = -[T 1 (h(w e (.),x e (.)))](Q (ebA, 

meets Mi at two points exactly along its boundary, namely A c (l) = and another, say A c (e l6c ), 
where e ldc G bA is close to —1. (7\ denotes the Hilbert transform on the unit circle normalized 
by the condition (Titi)(l) = 0, T x u = Tu — u(l).) 

Indeed, for every ( G bA, ^| C=0 A:(0 G T C M, since X c (() := ^| c=0 x c (C) satisfies the 
functional relation X = — Ti(2Re((l — .)ch Wl (0,X))) on bA, hence X = 0, by the uniqueness 
in the solutions of Bishop's equation, and Y = TiX = also. According to [10], given (3 < a 
with (5 > 0, there exists Co > such that for c < Co, the mapping (c, £) i— > A C (C) is C 2,/3 -smooth. 
Since || c=0 || e=oZc ( e ^) = and £\ c = z c (l) = 0, we obtain ||§(C)| < C(c^ + |1 - C^) for 
some constant C > depending on the second derivatives of h at 0, hence \^(e l6 )\ < 3cC 
and also |^ C (C)I ^ C (c| 1 — CKc^ + |1 — CI 13 ))- As a consequence, one can realize A c (bA) as a 
graph over w c (bA), A c {bA) = {(w,ip(w)); w G w c (bA)} where ip is C^-smooth and satisfies 
|^(w)| < 3C. Since Mx has codimension one in M and the boundary of the disc w c in 
meets TqM fl T Mi = {2; = 0, v 1 = 0} at two points w c (l) and iu c (— 1), the lifting bA c of 6w c to 
C"flM necessarily meets Mi at exactly two points, A c (l) and a second one, A c (e l6lc ) with e l6c 
close to —1 in bA, if Co is sufficiently small in order that A Co (bA) is contained in a neighborhood 
U of in M with Mi n C/ very close to T Mi. 

Remark. The property that bA c meets Mi at exactly two points is stable under C 2 ' 13 per- 
turbations of A c . 

Since iV is contained in Mi, bA c can meet iV by at most two points in bA. If bA c meets iV 
only at £ = 1, the disc satisfies our requirement. 

If not, we shall obtain a good disc by slightly perturbing A c . For 8 > 0, let V(A C , 5) denote 
the ball of radius 5 and center A c in (C 1,a (A) n C(A)) n . 

PROPOSITION 2.1. Assume that M is minimal at every point and codimMN > 2. T/ien ; /or 
each 5 > and /? < a, i/iere exzsfo a C 2 ' 13 -smooth embedded disc A G A fl V(A C , 5) snc/i i/iai 
A(l) = 20, MbA\{l}) C M\iV ; || e= o^(e ie ) = v £ T C Z M and v # T Z0 N. 

Proof. Choose a disc A G V(A C , 5) of minimal possible defect, A G A attached to M. 
If 5 is sufficiently small, bA will meet Mi at only two points, A(l) = G M x and some 
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^-(Ci) — Pi £ Mi, (i being close to —1 in bA. Indeed, discs in V(A C , 5) C\A are close to A c in C 1 
norm. If pi G Mi\N, we are done. So, suppose that pi G N. Since M is minimal at the point 
Pi and A is of minimal possible defect, A is of defect 0. Indeed, according to Theorem 1.4, the 
evaluation map is of constant rank 2p + q — defA in a neighborhood U of A in ^4. Then 
the image of U by JF^ is a submanifold E of M containing pi with dim X = 2p + q — defA 
for which T 2 S D T^M for all z G S by Corollary 1.5. Since M is minimal at pi, necessarily 
defA = 0. 

Shrinking U, we can assume that all boundaries of discs in U also meet Mi at exactly two 
points where their tangent direction is not tangent to M\. According to the above, there exists 
a (2p + q — 1) -dimensional manifold T C U through A such that J-^ is a diffeomorphism of T 
onto a neighborhood of pi in Mi. Since N is a proper submanifold of Ml, there exist many 
discs A t in T C ^4 with boundary satisfying A f (6A\{l}) C M\iV. 

According to Theorem 1.4, one can also find such a disc A t with ^| e=0 A(e if? ) £ T z c o M. 

Finally, the C 2,/3 -smoothness of the mapping (t, £) i— > is a consequence of the estimates 

in [10], if we consider (C 2 ' a (A) n £>(A)) P instead of (C 1,a (A~) n £>(A)) P as a parameter space to 
A. The proof of Proposition 2.1 is complete. 

3. Isotopies of analytic discs and a continuity principle. Let T M C n = TC n \ M /TM 
denote the normal bundle to M and let r) G T M C n [z ]. By a wedge of edge M at (z ,r) ), we 
mean an open set of the form 

W = W{U, z ) = {z + r ] -zeU,r ] e C}, 

where C is a conic neighborhood of some nonzero representative of r/ in T Z0 C n , identified with 
C™. The definition is independent, in the germs, of the choice of the representative, in the sense 
that each wedge contains another wedge for another choice. By definition, such a wedge W 
contains a neighborhood of z in C n if i] = in T^C™^]. 

The proof of Theorem 1 and Theorem 2 starts as follows. Recall that we assumed that M 
is minimal at every point. Then, according to the theorem of Tumanov, CR functions on M\N 
are wedge extendible at every point of M\N. The following definition will be convenient for 
our purpose. 

Definition 3.1. An open connected set Wo will be called a wedge attached to M if there exists 
a continuous section r] : M — > TmC™ of the normal bundle to M and Wo contains a wedge W z 
of edge M at (z, r)(z)) for every z in M. 

Applying if necessary the edge of the wedge theorem ([1]) at points where the direction of 
extendibility varies discontinuously, the hypothesis on M implies that there exists a wedge Wo 
attached to (M\N) to which CR functions on M\N have a holomorphic extension. 

Heuristics. The aim, to achieve the proof of the two theorems, is to show that such holo- 
morphic functions extend holomorphically into a wedge of edge M at z , under the various 
hypotheses on N. Notice that we cannot a priori know wether CR functions on M\N are 
approximable by holomorphic polynomials on small compact subsets of M\N. This is why we 
are forced to use instead the continuity principle by first deforming M into Wo- 

Fix a function / G CR(M\N). It extends into some open wedge Wo attached to M\N. 
Using a C 3 -smooth partition of unity on (M\N) H V, for some neighborhood V of zq in M, 
we can smoothly deform M into Wo leaving fixed and then replace / by the restriction of 
its extension to the C 2,a deformation M d of M. Indeed, smooth deformations d of M into Wo 
arbitrarily close to M in C 2,a norm and fixing are possible, since Wo has a continuously 
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varying direction over M\N. Then, instead of a function / G CR(M\N), we get a function /, 
holomorphic into a neighborhood uo (= Wo) of M d \N in C n . The aim will subsequently be to 
prove that such holomorphic functions extend into a wedge of edge M at zq. 

A natural tool in describing envelopes of holomorphy of general open sets in C™ is the 
continuity principle. Our version is the following. 

If E C C n is any set, let V(E, r) denote {z G C n ; dist(£', z) < r} where dist denotes the 
polycircular distance. Then B(z,r) = V({z},r) is the polydisc of center z and radius r. 

Note with 0(u) the ring of holomorphic functions into the open set uj. 

Lemma 3.2. Let uo C C n be an open connected set and let A : A — > C ra fre an analytic disc such 
that c\C - C'l < 1-4(0 - MC) I < C|C _ CI / or some constants < c < C and every CO G A. 
Set r = dist(A(bA) , boo)) and a = Then for every holomorphic function f G 0{uj), there 
exists a function F G 0(V(A(A), a)) with F = f on V(A(bA), a). 

Proof. For z = A(( ), ( G A, let J2keN n fk{z — z ) k denote the germ at z of the converging 
Taylor series defining / there. Take p > with p < r. (3.2 is trivial, if r = 0). Then the 
maximum principle and Cauchy's inequalities yield 

where M p (f) = sup{|/(2;)|; z G V(A(bA), p)} < oo. This proves that the Taylor series of / 
converges in B(z ,r) for every z G -4(A), defining an element f zo r G O(B(z , r)). Now, if 
B(z, a) n B(z', a)^®,z = A({), z' = A({') and r G [C, C], then |r - '(\ < \(' - (\ < f and 

\A(r)-A(0\<C\T-C\< — = r. 

c 

Therefore A([(, (']) C r) fl -8(2', r) and the two holomorphic funcions f Zj1 . and / z / jT . coincide 
on the connected intersection, hence define a function holomorphic into B(z,r) UB(z',r). This 
proves that the f za — f zr \B(za) stick together in a well-defined holomorphic function into 
V(A(K),a). 

The proof of Lemma 3.2 is complete. 

Proposition 3.3. Let u be an open connected set and let A s : A — > C", bA — > cj,0 < s < 1 
&e a continuous family of analytic discs such that, for some constants < c s < C s , c s \( — £'| < 
|A S (C) - A S (C')| < C S |C - C'l- -4ssnme Ai(A) CCw and set r s = dist(A s (bA),bu),a s = 
Then, for every holomorphic function f G 0(u), there exist functions F s G 0(V(A s (A),a s )) 
such that F s = f on V(A s (bA), a s ). 

Proof. Let I C [0, 1] denote the connected set of s G [0, 1] such that the statement holds 
true for every So < s < 1. 1 G 4 according to Lemma 3.2. Let S\ < s be such that 
A S1 (A) C V{A S0 (A),a S0 ). Since F so = f into V(A S0 (bA), a so ) and dist(A Sl (6A), bu) = r si , the 
Taylor series of / at points A Sl (d) = z±Xi G bA, converges in each polydisc B(zi,r Sl ). As in 
the proof of Lemma 3.2, this proves that there exists a function F S1 G 0(V(A sl (A),a sl )) with 
F Sl = / in V(A Sl (bA),a Sl ). Thus J is both open and closed, hence I = [0, 1]. 

The proof of Proposition 3.3 is complete. 

Let $ be a proper closed subset of M. Then M\$ is a smooth generic manifold, which will 
play, in the sequel, the role of the M in Definition 3.4 below. 
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DEFINITION 3.4. Let M be generic. An embedded analytic disc A attached to M is said to be 
analytically isotopic to a point in M if there exists a ^-smooth mapping (s, C) l— * A s ((),0 < 
s < 1,( £ A, such that A = A, each A s is an embedded analytic disc attached to M for 
< s < 1 and A 1 is a constant mapping A — > {pt} G M. 

In the next section, to derive a proof of Theorem 1, we shall use isotopies of embedded 
analytic discs without needing a particular control of the size of the open neighborhood arising 
in our continuity principle Proposition 3.3. 

COROLLARY 3.5. Let M be generic, C 2,a , let $ be a proper closed subset of M and let u be a 
neighborhood of M\<3> in C n . If an embedded disc A attached to M\$ is analytically isotopic 
to a point in M\$ ; there exists a connected open neighborhood uja of A(A) in C n such that 
for every holomorphic function f G 0(u) there exists a holomorphic function fA G 0{uja) with 
f a = f in a neighborhood of A{bA) in C n . 

Finally, the following proposition gives an auxiliary tool in place of the approximation 
theorem of Baouendi and Treves. 

Proposition 3.6. Let M, $ be as above. Assume that M\$ has the wedge extension property 
and let zq G 6$. Let A G A Zlt£ for some z\ G M\$ 7 \z\ — z§\ << e be an embedded disc attached 
to M\$. If A is analytically isotopic to a point in M\$, each A s of the isotopy being of size e, 
then f o A\bA extends holomorphically to A for every function f G Ci?(M\$). 

Proof. Fix a function / G CR(M\Q). It extends holomorphically and continuously into some 
wedge Wo attached to M\$. Since the isotopy is small, we can follow it on small deformations 
M d of M into Wo that fix $. Indeed, the solvability of the equation R(A) = as in Lemma 1.1 
is stable under perturbations of R, since R is a submersion. Moreover, we may assume that M d 
depends on a small real parameter d > 0, M° = M and the solution (A s ) d depends smoothly 
on (s,d). Indeed, an implicit function theorem with parameters is valid on Banach spaces. If 
the deformation d is sufficiently small, this yields an analytic isotopy (A s ) d of A d to a point in 
M d \$. According to Proposition 3.3, / o A d |f,A then extends holomorphically to A. Letting d 
tend to 0, we get the desired result by the continuity of / on Wo U (M\<3>) and the smoothness 
of d h-> A d . 

The proof of Proposition 3.6 is complete. 

Let A c denote the disc introduced in Section 2, c small. In Propositions 3.7 and 3.8 below, 
we give conditions which insure that discs close to A c and attached to M minus a singularity 
set iV are analytically isotopic to a point in M\N. 

Proposition 3.7. Let M be generic, C 2,a -smooth, let N be a C 1 -smooth proper submanifold 
of M with codimMN = 3, let z G iV and assume that T ZQ N T^ Q M. If c > is small enough, 
if Ai G V(A C , 5) n A for 5 > 0,5 « c small enough satisfies Ai(6A\{l}) C M\N, there exists 
5' > 0, 5' « 5 such that each disc A G V(A 1 ,5') attached to M\N is analytically isotopic to a 
point in M\N. 

More generally, the following proposition holds. 

Proposition 3.8. Let M be generic, C 2,a -smooth, let N be a C 1 -smooth proper submanifold 
of M with codim M N = 2, let z <E N and assume that T Z0 N ~~b T£ Q M. Let $ be a proper closed 
subset of N with z G 6$. If c > is small enough, if A 1 G V(A C , 5) D A for 5 > 0, 5 « c 
small enough satisfies Ai(bA\{l}) C M\N, there exists 5' > 0, 5' « 5 such that each disc 
A G V(Ai,S') attached to M\$ is analytically isotopic to a point in M\$. 
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Proof. Suppose first that T N fl C Wl = {0}. We shall show that the following stronger 
statement holds: if c > is sufficiently small, there exists 5 > 0, 5 « c such that each disc 
A G V(A C , 5) attached to M\$ is analytically isotopic to a point in M\$. 

Let r C M be a convex open conic neighborhood of the positive t^-axis with vertex such 
that TON = {0}. Choose a similar cone V with Fn S 2 ^ 1 CC Fn S 271 ' 1 , where S 2n ~ l denotes 
the unit sphere in R 2n . 

If c is sufficiently small, A c (bA) fl Mi consists of two points, and a second one, say p\ 
with \pi — p®\ < 0(c 2 ), where p\ denotes the point in the wi-axis with u\ coordinate equal to 
2c (in coordinates (w, x) on M). Take 5 > 0, 5 << c such that for each disc A G V{A C , 25) fl .4., 
A(bA) flMi also consists of two points, and a second one in T' close to p\. If 5 is small enough, 
we can furthermore insure that all discs in V(A C , 25) attached to M are embedded discs and 
intersect Mi along their boundaries at two points, one of which is (2<5)-close to and a second 
one in T. 

Fix a disc A G V(A C , 5) attached to M\$ and assume that 4(1) G Mi\$ is 5-close to 0, 
which can be done modulo an automorphism of A. Write A(() = (w((), z(()). Since N has 
codimension one in M x and $ does not disconnect M x near 0, there exists a C 1 -smooth curve 
H : [0, 1] -> Mi\$ with /i(0) = 4(1) e Mi\$,^(l) e T', |/i(s)| < 5 and ^(s) e M x \$ for each 
< s < 1. Consider the disc A s (() = (w(Q + fJ> w (s), z s (Q) where 

x s = -T ± h(w + /i w (s),x s ) + fx x (s) on bA. 

Then A s (l) = /x s (l) and each A, is an embedded disc belonging to V(A C ,25), hence attached 
to M\$. Therefore A is analytically isotopic in M\$ with a disc 4^ = B such that (tui,£i + 
ih(wi,xi)) = B(l) E r'nMi and B(bA) meets Mi at another point in T. Since the pure 
holomorphic w-component w(() of B is (25)-close to w c (() = c(l — () in C 1,a -norm, and 
since z s is close to z c which satisfies the estimates |z c (C)l = C (c| 1 — C\(c^ + |1 — CI' 3 )) an d 
\^(e ie ) = 0(c)|, the analytic isotopy 5 S (C) = ((1 - s)w(() + w u z B ,a(0)> where 

xb, s = - s)w + lUi, x BjS ) + Xi 

for < s < 1 joins -B with the point 5(1) in M\$, each _B S being an embedded disc attached 
to M\N, < s < 1. Indeed, each S s also meets Mi along its boundary at two points contained 
in r for < s < 1 according to the position of Mi and since, W\ being close to tu C; i, {wi(Q; ( G 
bA} C C is contained in a set of the form {Re w\ > — a|Im u>i|}, a > small. 

Assume now that T N n C WI = K Ul and let A 1 e V(A C , 5) n A with Ai(6A\{l}) C M\N, 
Ai(l) = zq. If c and 5 « c are sufficiently small, each disc A e V(A C , 25) attached to M is an 
embedded disc whose boundary meets Mi at two points exactly. Since N is one-codimensional 
in Mi, iV divides Mi in two connected components, and Mf. Therefore, we can assume 
that bAi H Mi consists of A ± (l) = and a point A(Ci) = Pi € M i ■ Let & > 0,5' << 5 and 
fix a disc 4 e V(A U 5') attached to M\$, let A{1) e Mi\$ be the point in Mi\$ 5'-close to 0. 
Since $ does not disconnect Mi near zo, there exists a C^smooth curve \i : [0, 1] — > Mi\$ with 
/i(0) = A(l),//(1) G Mi + , < 5' and //(s) G Mi\$ for < s < 1. If 5' « dist (pi,N), 

perturbing the base point of A along the curve \x enables one to make an analytic isotopy in 
M\$ of A with an embedded disc B attached to M\<3> with the property that bB flMi consists 
of two points in Mi + . 

Then B(() = (w(() + Wi, z(()) with w(() being (25)-close to w c (Q in C 1,a -norm, w(l) = 
and u>(C) is the holomorphic w-component of A. Now we can push away B from iV by using 
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a isotopy along a curve 7 : [0, 1] — > M+ such that 7(5) belongs to a one dimensional manifold 
A C Mi with A n N = {z x } and T Zl N + T Zl A = T Zl M u some z x close to B(l) in M x . B s (() is 
obtained as the perturbation of B keeping the same pure holomorphic w-component w(() and 
satisfying B s (l) = 7(5), 7(0) = B{\). In other words, B S (Q = (w(() + 7™(s), z s (C)) where 

x s = -Ti/i(w + 7 w (s), x s ) + 7^(5). 

Differentiating the equation with respect to s, it is possible to check that ^p-(C) is close to P-(s) 
uniformly in ( for small c, <5, <5' and then independent of ^^(e l9 ), which is close to be contained 
in the C^-axis. Therefore the embedded disc B s goes away from A" in the direction of AflMf 1 " . 
Since w-embedded discs which are sufficiently far away from A" are analytically isotopic to a 
point in M\N, B and then A are analytically isotopic to a point in M\$. 
The proof of Proposition 3.8 is complete. 

4. Proof of theorem 1. 

The following proposition together with Proposition 2.1 and Proposition 3.7 proves that the 
envelope of holomorphy of arbitrarily thin neighborhoods of M\N in C n always cover a wedge 
of edge M at every point of N, if AT is a three-codimensional submanifold of M as in Theorem 
1. 

Proposition 4.1. Let M be generic, C 2 ' a -smooth, let z e M, let N 3 z be aC l submanifold 
with codirriMN = 3 and T ZQ N 7$ T!; o M and let u be a neighborhood of M\N in C n . Assume 
there exists a sufficiently small embedded analytic disc A e C 2,/3 (A) attached to M, A(l) = z , 
with A(6A\{1}) C M\N, f e \ e=Q A(e ie ) = v £ T C Z M, v £ T ZQ N and all discs in V(A, 5) 
attached to M\N are analytically isotopic to a point in M\N, for some 5 > . Then there 
exists a wedge W of edge M at (z , Jvq) such that for every holomorphic function f G 0(u) 
there exists a function F e 0(W) with F = f in the intersection ofW with a neighborhood of 
M\N in C n . 

Remark. M is not supposed to be minimal at any point. 

Proof. Fix a function / e O(uo). We shall construct deformations of our given original disc 
A as in [11] with boundaries in M U uo to show that the envelope of holomorphy of uo contains a 
(very thin) wedge of edge M at A(l). Instead of appealing to a Baouendi- Treves approximation 
theorem, a version of which being not a priori valuable here, we shall naturally deal with the 
help of the so-called continuity principle. 

We can assume that A(l) = and that M is given in a coordinate system as in (10). Set 
A(() = (w(C),x(C) + iy(0). Since T N 7$ T C M and v = ^\ e=0 A{e id ) £ T Q N, we can choose a 
C l generic one-co dimensional submanifold K C M in C n containing A^ with tangent space TqK 
not containing vq. Making a unitary transformation in the w-space, we get that TqK fl TqM 
is given by {z — 0, V\ — 0} and then making a complex linear transformation in C n stabilizing 
{y = 0}, we can assume that K has equation v\ = k(ui, W2, ■■■,w p , x), where k(0) = 0, dk(0) = 0. 
Since vq ^ TqK, the projection on the v i-axis of vq is nonzero. 

Let /i = fi(w,x) be a C°°, R-valued function with support near the point (w(—l),x(—l)) 
that equals 1 there and let n : R 9 — > R 9 be a C°° function with k(0) = and k'(0) = Id. 
We can assume that the supports of fj, and k are sufficiently concentrated in order that every 
manifold M t with equation 

y = H{w, x, t) = h(w, x) + K(t)/i(w, x) (11) 
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is contained in uj and the deformation is localized in a neighborhood of A(—l) in C n . Let 
X = x(C) De a smooth function on the unit circle supported in a small neighborhood of ( = —1 
that will be chosen later. For every small t, we shall consider the natural perturbation A t of 
the given disc A with the same holomorphic w-component as A that is attached to the union 
of the M t . More precisely, A t (Q = (w(Q, x t (() + iyt(()) is obtained by solving the following 
equation on the unit circle 

Xt = -T 1 H(w,x u tx). (12) 

According to [10], the solution of (12) exists and depends in a C 2,/3 fashion with respect to all 
variables, no matter < f3' is < (3, provided everything is very small. Rename j3' as (3. We let 
II denote the canonical bundle epimorphism II : TC n \ M — ► TC n \ M /TM and consider the C 1,/3 
mapping 

D : R q 3t i— > n^-^(l)^ G ToC"/T M ~ R 9 . (13) 

Lemma 4. A. x can be chosen in order that rk D'(0) = q. 

Proof. We, for completeness, include a proof of this result, originally due to Tumanov in 
[11]. Set t = (ti,...,t q ). Differentiating the equation y*(C) = H(w(Q,x t (Q,tx(C))X e bA, 
with respect to tj,j = l,...,q, we obtain that the holomorphic disc -J=j-\ t= oA t (£) = A(Q = 

(0,X(() + iY(()) satisfies the following equation on the unit circle 

Y = H x o AX + X H tj o A. (14) 

We also introduce some notations. For a C 1,/3 -smooth function g(() on the unit circle with 
g{l) = 0, we write 



7r Jo \e M — 1 2 



where the integral is understood in the sense of principal value. Then, if g G C 1,/3 (A) is 
holomorphic in A and vanishes at 1, we have 

J(9) = -^W=i^\**9(e")- (15) 

Notice also that for C 1,/3 real-valued functions g, g' with p(l) = g'(l) = 0, applying (15) to the 
holomorphic function (g + iTig)(g' + iTig') vanishing to second order at 1, we obtain 

J(gg'-T l gT l g')=0. (16) 

Associate with A and H a q x g matrix-valued function G(C) on the unit circle as a solution 
to the equation 

G — I + Ti{GH x o A). (17) 

The definition of G implies that G(l) = I and TiG = -Gif x o A + H x o A(l) = —GH X o A, 
since A(l) = and h(0) = 0, d/i(0) = 0. Using (14) and G, we can write on the unit circle 

G X H tj o A = G(Y - H x o AX) 
= GY — (TiG)(T{Y) 
— Y+(G — I)Y — Tx(G — I)T X Y. 
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By virtue of (16), 

J(G X H t .oA) = J(Y). (18) 
On the other hand, according to (15) and the fact that X = —T{Y, 

J(Y) + iJ{T x Y) = <^(1) = ^\ e=0 (X + iY). (19) 

Identifying the imaginary part of the two extreme terms and taking (14) into account, we have 

J(T ± Y) = ^\ 0=O Y = ^\e=o(H x o AX + x H tj oA) — 0, (20) 

if we choose x m order that x is equal to zero near ( — 1 and since X(l) = 0, dH(0) = 0. (18), 
(19) and (20) therefore yield 

r)7 

i-^(l) = J(G X H ti oA). 
Natural coordinates on T C n /T M being given by y±, ...,y q , we obtain in these coordinates 

» ( o ) = n(-f(i))=.7( Gx tf ti o^ (2i) 

Furthermore, choose X in order that J{ X ) — 1 an d the support of X is concentrated near 
( = -1 so that the vectors J(GxHt ° A) are close to the vectors G(—l)H t . o A(—l) and 
linearly independent, for j = l,...,q respectively This is possible, since G is non singular at 
every point on the unit circle and the H tj o A(— 1), j — 1, ...,q are linearly independent by the 
choice of k. This completes the proof of lemma 4. A. 
We deduce: 



Corollary 4.B. There exists a neighborhood T of in K q such that {sD(t); s > 0,t G T} 
contains T an open cone with vertex in H q and Il(— f^-(l)) G IV 

We shall need another type of deformations of our disc. Let r denote a supplementary real 
parameter, r > and V a neighborhood of in C p_1 . For t G T, |r| < r , a G V, we consider 
the disc 

A t ,rM = (e iT Wi(C),U> 2 (C) + °2(C - 1), -,^(C) + d p (( - l),X t , T , a (C) + ^,r,a(C)) (22) 

where Xt jTja is the C 2,/3 -smooth in all variables solution of the following equation on bA 

Xt, T ,a = -T 1 H(e lT W 1 {C),W 2 {Q + a 2 {( - 1), ...,W p (C) + a P (C - 1), Xt,r,a, t X ). (23) 

Introduce also the smooth mapping 

E: TxI T0 xV3 (t, r, a) .— > A| 0=o A tiT)Cl (e^) G T M. (24) 

do 

According to Lemma 4. A, we have that rk E'(0) = 2p + q — 1 for a good choice of the function 
X, since we defined w ttT ,a(() not depending on t and the partial rank of E with respect to (r, a) 
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is equal to (2p — 1). So is the rank of the mapping derived from E by taking normalized tangent 
vectors with respect to a hermitian structure on C n . 
Therefore we obtained 

LEMMA 4.C. x can be chosen in order that the following holds: there exist tq > 0, T a 
neighborhood of in R 9 and V a neighborhood of in C p_1 such that the set 

f o = {s^%^(l); s <0 or s>0,teT,r e I T0 ,aeV} (25) 

zs a (2p + q) -dimensional open connected bicone with vertex in the (2p + q)- dimensional space 
TqM containing v = -^\ e =oA(e te ) . 

What we call a bicone is a union of two linear cones with same vertex and symmetric opposite 
directions. As a consequence, we can read Lemma 4.C inside the base manifold as follows. 

Lemma 4.D. Shrinking the open neighborhoods T,I T0 ,V if necessary, there exists an open con- 
nected arc 1 e I\ C bA such that the set 

f = {A,r, a (C); teT,rel T0 ,aeV,(e h} (26) 

is a {2p + q) -dimensional closed connected (nonlinear) truncated bicone contained in M. 

We now introduce a third deformation of A, consisting in varying the base point. We let 
At, T ,a,po denote the disc attached to MUu which is the perturbation of A tjT>a that passes through 
the point p G K with coordinates (v,®, w®, w®, x°) on K, i.e. A t)TjO)P0 (l) = p and 

A t , T ,a,po(0 = (e lT m(0+Ui+iv°,W2(0+a 2 ((-l)+w% } ...,Wp(()+a p ((-l)+Wp,xt, T ^ 

(27) 

where x ttT ,a, P o is the solution of Bishop's equation with parameters 

x t ,r,a,po = -T 1 H(e lT w 1 +u 1 + iv^,W2 + a 2 (.-l)+w%,...,w p + a p (.-l)+wl,x t:Tia:Po ^ (28) 

and where = w%, w°, x\, so A t>T>a>po (i) =p e K. 

For convenience, we shall allow us to shrink a finite number of times the open set T x I T0 x 
V x /C without explicit mention in the rest of the proof of Proposition 4.1. 

Notice that if we let r = and a = 0, the set of points A,o,o,p (C) f° r C i n the interior of a 
neighborhood Ai of 1 in A always cover a wedge of edge M at in the direction Jv$ when t varies 
in a neighborhood T of in R5 and po in a neighborhood JC of in K, according to Corollary 
4.B and the fact that ^\ e=0 A(e i6 ) £ T K. In the non singular case, when a local approximation 
theorem is valid for CR functions, this leads to propagation of wedge extendibility along a disc, 
as in [11]. 

Since, however, our / e 0(uj) possibly has singularities on N, a different argument is 
needed. Notice that every embedded disc A t ^ Tta , po with sufficiently small parameters (t,r, a,po) 
is close to A and is analytically isotopic to a point in u for p e JC\N. Indeed, A tjTta , jPo is first 
analytically isotopic in uj to A 0tT ^ P0 by construction and A 0jT aj p is attached to M\N. Clearly, 
since -^\ e= QA(e' ie ) = v is not tangent to N, and A = A 0i0i0i0 satisfies A(b A\{1}) C M\N, each 
disc Ao, Ti a,p with po not in N cannot meet along its boundary, provided all the parameters 
are small. On the contrary, discs in the family with base point po E JC C\ N meet N, but only 
at po. Then the fact that for p e fC\N, A 0tTt a tPo is analytically isotopic to a point in M\N 
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is a consequence of our hypothesis that all discs in V(A, 5) attached to M\N are analytically 
isotopic to a point in M\N, if 5 > is very small. 

Since our discs with base point po G K\N are analytically isotopic in uo to a point, our given 
function / G 0(u) can be analytically extended in a neighborhood u A of A tjTtajP0 (A) in C n , if 
we make use of the so-called continuity principle along the isotopy (Proposition 3.3). Precisely, 
there exist a neighborhood oo A of A{A) in C n and f A G 0(uo A ) with f A = fma neighborhood 
of A ttT ,a,p (bA). On the contrary, discs meeting N necessarily lack a similar extension property. 

We obtained that for each p G IC\N, every CR function / G CR(M\N) has the property 
that / o A t)Ti a, Po \bA extends holomorphically into A. 

Let vq G T be a g-dimensional proper linear bicone in the (2p + g)-dimensional space T M 
and contained in f such that the projection T T -> T M/T£M is surjective and FnT c M = {0}. 
Let V denote the set of parameters 

V = {(t,r,a) G T x I TQ x V; ^ t , T ,„(l) G T}. 

Then P is a C 1 -smooth (q — 1) -dimensional submanifold of T x J T() x V. Shrinking T,/ T() ,V,/C 
and A x if necessary, the set 

W = {A t)TiOiP0 (C); (t,r,a) GP, Po e/C,CGAi} 
contains a wedge of edge M at 0. Furthermore, the mapping 

P x /Cx Ai9 (t,r,a, Po ,C) ^ A,™(C) e C n \M 

becomes a smooth embedding. Since the mapping remains injective on JC\N, we can set un- 
ambiguously 



F(z) := — I f° A <>™W dr , 
2m JbA rt — C 



v-C 

o 

as a value at points z = A,r,a,p (C) f° r an extension of /|m\jv, Po £ fc\N, (t, r, a) £ V,( GAi- 
Since / extends holomorphically to the interior of these discs, we get a continuous extension F 
on each A t)TjO)P0 (Ai), p £ K\N . Thus, the extension F of /|m\jv also becomes continuous on 

(W\A^p) U (M\N), 

where 

7V> = {A,r,a, P0 (C); (*,T,a) G P,p G /CniV,C GAi}. 
Since /|m\jv extends analytically to a neighborhood of A tiTjaiPo (A) , F is holomorphic into W\N-p. 
Indeed, fix a point (t, f,a,p ) EV x (JC\N) and let P x /C be a neighborhood of (f, f, a,po) m 
P x ()C\N) such that for each (t, r, a, po) G V x /C, A tjTjajPo (A) is contained in some neighborhood 
u) of Aj f S ^ o (A) in C n such that there exists a holomorphic function / G 0(a)) with / equal to / 

near A^ f & p Q (bA). Let ( GAi and z = Af f ap (0- To check that the previously defined function 
F is holomorphic in a neighborhood of z, we note that for z = A tjTjajP0 (£) , (t, r, a,po) G "P x /C, 

~ ~ o ~ 

£ in some neighborhood Ai of £ in Ai, f(z) is given by the Cauchy integral formula 

/» = _!/ f° A ^M dr] = ±r f° A ^M 

2m JbA r] — Q 2m JbA r] — Q 
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As a consequence, f(z) = F(z) for z in a_ small neighborhood of z in C™, since the mapping 
(t, r, a,po, C) !— > A,r,a,p (C) from P x ^ x A] to C has rank 2n at (£, f , a,p 0? 0- 
This proves that F is holomorphic into W\Ap. 

By shrinking near 0, which does not modify the possible disc deformations, we can insure 
that 

is connected, since T n TqM = {0} and then also 

wn(W\N v ), 

since Ap is a closed two-codimensional submanifold of W. Therefore / G and F G 

(9(W\Ap) stick together in a single holomorphic function in w U (W\Ap), since both are 
continuous up to M\N, which is a uniqueness set, and coincide there. 

However, the proof of Proposition 4.1 will not be finished until we get rid of N-p. This is 
why we introduced the supplementary parameters r and a. 

Since T is a (2p + g)-dimensional bicone in the (2p + g)-dimensional space T M, we can 
choose two g-dimensional bicones vo G T 2 and T' 2 contained in r with the properties that 

(i) The projections T r 2 -> T M/T£M and T r 2 -> T M/T£M are 
surjective, r 2 ,r 2 fl TqM = {0}. Moreover, for v 2 G T 2 there exists 
w 2 G r' 2 such that v 2 - v' 2 G T^M/{T^M n T A)\{0} and vice versa. 

(ii) There exist open bicones T 2 and f 2 m fo with T 2 C T 2 , V 2 C T 2 
and f 2 n f' 2 = 0. 

Set 7^ = {(£, r, a); J^A tjT)a (l) G T 2 } and similarly for V 2 . Then condition (i) insures that 
the two following wedges with edge M at (0,770), 770 = Jv mod T M, 

W 2 = {A™(Ai); (*,r,a) G P 2 ,p G /C} W 2 = {A, r , a , Po (Ai); (t,r,a) G 7> 2 ,p e K} (29) 

contain a wedge W of edge M at (0,770). According to the above, one can construct two 
holomorphic extensions F 2 and F 2 of / into W 2 \iV-p 2 and W 2 \Ap/ respectively, where Ap 2 and 
Nj>> denote the unattainable sets, 

N V2 = {A,r,a, P0 (C); (t, r, a) eV 2 ,p e!CnN,( GAi} 
and similarly for N*pi . Since the rank of the mapping 

V x (/C\iV)x Ai9 (t,r,o,p ,C) - AWO e C"\M 

is equal to (2n — 2), Ap 2 and Ap/ are closed two-codimensional submanifolds of W 2 , W 2 respec- 
tively. This implies that 

(W\N P2 ) n (W\A P ,) = W\(A P2 U Ap/) 

is an open connected set. The restrictions of F 2 and F 2 to (W\Ap 2 ) and (W\Ap^) therefore 
stick together in a function F that is holomorphic into 

W\{N V2 C\N V ,). 
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Indeed, both are continuous up to M\N, which is a uniqueness set, and coincide there with 
J\m\n by construction. Assuming again that uj is thin near 0, we insure that 

uj n (W\(N P2 n N n )) 

is a connected open set. Therefore / and F stick together in a well-defined holomorphic function 
into uj U (W\(iVp 2 nJV^)). 
According to condition (ii), 

N P2 n N-p^ n M = N. 

Furthermore, let z = A^ f ^p (() be a point in Np 2 fl N-p> fl W (if nonempty). Then, according 
to conditions (i) and (n), T s N-p 2 and T- Z N V >^ intersect transversally in T 5 C n , since these are 

close to TqN + JToT2 and TqN + JTor' 2 respectively. Therefore, in a neighborhood W of z 
in W, L 5 = N-p 2 fl iV-p^ fl VV consists of a four-codimensional manifold in VV. L 5 is removable 

for functions which are holomorphic into W\L Z . We therefore showed that N-p 2 fl N-p^ is in 
fact removable for functions holomorphic into W\(N-p 2 fl N-p^). So F extends holomorphically 
through N-p 2 fl Np^ as a function F e C(W) with F — f in the intersection of VV with a 
neighborhood of M\N in C n . 

The proof of Proposition 4.1 is complete. 

To achieve the proof of Theorem 1, we shall remark that in the proof of Proposition 4.1, we 
only used the part of oo lying near A(—l) to perform deformations of A. Therefore 
PROPOSITION 4.2. Let M be generic, C 2 ' a -smooth, let z E M, let N 3 z be a C 1 submanifold 
with codirriMN = 3 and T Z0 N T^M. Assume there exists a sufficiently small embedded 
analytic disc A e C 2 ^(K) attached to M, A(l) = z , with A(6A\{1}) C M\N , ^\ e=0 A(e ie ) = 
vq $l T Zq M , vo T Zo N and all discs in V(A, 5) attached to M\N are analytically isotonic to a 
point in M\N, for some 5 > and let Wo be an open wedge attached to M\N containing a 
neighborhood of A(— 1) in C n . Then there exists a wedge VV of edge M at (zq, Jvq) such that 
for every continuous function f in Wo U (M\N) which is CR on M\N and holomorphic into 
Wo, there exists a holomorphic function F in 0(W) continuous up to M\N with F = f in a 
neighborhood of z in M\N. 

Proof. We only have to check that the extension F(z) defined unambiguously in terms of 
a Cauchy integral on boundaries of discs becomes holomorphic into the wedge W foliated by 
images of the interior of Ai. One can introduce very small deformations M d of M into Wo 
depending on a real parameter d > with M° = M, apply the continuity principle argument 
to conclude F d is holomorphic and let d tend to 0. 

The proof of Theorem 1 can be completed as follows. Proposition 2.1 and Proposition 3.7 
insure the existence of an embedded disc A meeting iV only at one point A(l) of its boundary 
with nearby discs being analytically isotopic to a point in M\N. Slightly deform M near A(—l) 
in a manifold M d by pushing it into the open wedge Wo of automatic extension, the deformation 
A d of A remaining a disc with all similar properties. Then Proposition 4.2 yields a holomorphic 
extension in a wedge of edge M d at z . Since M d = M near z , this gives a wedge of edge M 

at Zq. 

The proof of Theorem 1 is complete. 

COROLLARY 4.3. Let M be a real analytic generic manifold in C n (n > 2) of finite type at 
every point with CRdim M = p > 1. Then every real analytic subset A C M with codimuA > 3 
is removable. 
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Proof. Let A C M be a real analytic subset with dim A < 2p and let M d C C n be a C°° 
generic manifold of finite type at every point with M d D A and TM d |A = TM\ A . Fix an open 
neighborhood V of A in M d and e > 0. We shall show that there exists a C°° generic manifold 
M dm with M dm n (M d \\/) = M d \V and ||M dm - M d \\ C oo < e such that for each function 
/ G CR(M d \N), there exists a function f dm G CR(M dm ) with / dm = / on M d \V. According 
to the Deformation Lemma below, this will give the desired result on removability of A. 

A admits a stratification with the property that the closure of each stratum only intersects 
strata of smaller dimension. Take N' a connected stratum of maximal possible dimension. Then 
N' is an embedded submanifold of M d \(A\N') to which Theorem 1 applies, since dim N' < 2p 
implies T Z N' 7$ T c z M d for every z G N'. Since N' is removable, there exists a C°° deformation 
M dl over N' of M d with support in V such that | \M dl -M d \ \ c °° < £1 < e/2 and M dl n(M d \y) = 
M d \V and / dl G CR(M dl \(A\iV')) with f dl = f in M d \\/. For £1 small enough, M dl is of finite 
type at every point. Since the stratum of maximal possible dimension in the set of remaining 
strata always looks like a locally embedded submanifold, all strata of A can be successively 
removed on the successive deformations of M d . Hence A is removable. 

Assume by induction that given a real analytic subset A' C M with dim A' < k < dim M — 4 
and a C°° everywhere of finite type generic manifold in C n , M d D A', with TM d \ A > = TM\ A r, 
A' is removable for CR functions on M d \A'. Let A C M be a stratified real analytic subset, 
dim A = k + 1 and let M d be a C°° everywhere of finite type generic manifold in C™ with 
M d D A and TM d \ A = TM\ A . Let V be a neighborhood of A in M d and let e > be arbitrary. 
Choose a connected stratum of A of maximal dimension. Then the set 

.V { : c. AT; T Z N D 7 : r .\/'' = T Z C M} 

is a proper subanalytic set of N. Indeed, since M d is minimal at every point, M d does not 
contain germs of CR manifolds E with CRdim E = CRdim M d . A relatively open set in 
contained in A^ c would be such a CR manifold by definition of N c . Therefore, the dense open 
subset of 

N\N C = {zeN; T Z N J) T C Z M} 

is removable, by virtue of Theorem 1. 

Fix a function / G CR(M d \A^). Smoothly deform M d in a manifold M dl of class C°° 
and of finite type at every point over N\N C by pushing it into the wedge where removability 
of AT\N C holds and keeping both TM d \ N c = TM d ^\ N c and M dl n (M d \V) = (M d \V), with 
||M dl - M d || C oo < ei < e/2. Take the restriction f dl of / to M dl \N c . According to the 
induction hypothesis, A^ c is removable on M dl , hence there exists a smooth deformation M d2 
of M dl with \\M d2 - M dl || C oc < e 2 < e/4, TM d2 \ A \ N = TM d \ A \ N , M d2 n (M d \V) = M d \V 
such that for each function / G CR(M d \A) there exists f d ' 2 G CR(M d2 \(A\A^)) with f d ' 2 = f 
on M d \V. 

All strata A^ can be successively removed by applying the induction hypothesis to N c . 
The proof finishes out with the following. 

Deformation Lemma. Let M be minimal at z g M, $ a proper closed subset with b$ 3 z . 
Assume that for each neighborhood V of $ in M, each e > 0, there exists a manifold M d with 
M d n (M\V) = M\V, \\M d - M\\ C 2, a < e such that for each function f G CR(M\$) there 
exists a function f d G CR(M d ) with f d = / on M\V . Then there exists a wedge W of edge M 
at zq with Ci?(M\$) extending holomorphically into W and continuously in W U (M\$). 
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Proof. The result follows from the existence of a disc with defect attached to M d when e 
is small enough, obtained as a perturbation of a disc with defect attached to the manifold M, 
minimal at zq- Each f d extends holomorphically into a wedge W d of edge M d which stabilizes 
as e tends to and gives a wedge W attached to M as V shrinks to $. 

The proof of Corollary 4.3 is complete. 

5. Proof of Theorem 2. The meaning of Theorem 2 is that, when the Cauchy-Riemann 
dimension of M is greater or equal to 2, some two- co dimensional singularities are locally re- 
movable. However, this is not generically true in CR dimension equal to 1. Take for example 
M, a hypersurface in C 2 and g a holomorphic function in a neighborhood of some zq G M in C 2 
such that g(zo) = and dg(z ) ^ 0. Whenever E s = {g = 0} is not tangent to M at z , ^\m\n 
defines a nonextendible CR function in any side, and N = S 9 flM is locally a two-codimensional 
submanifold in M with T Z(i N n T^ Q M = {0}. The difference between CR dimension one and 
CR dimension greater than two is explained in the two proofs of the following theorem. 

Theorem 5. A. Let M be a C 2 ' a -smooth (0 < a. < 1) generic manifold in C n (n > 3) with 
CRdim M = p > 2 and N G M a C 2,a submanifold of M with codimuN = 2 that is generic 
in C™. Assume that there exists an open neighborhood V of N in M such that (M\N) n V has 
the wedge extension property. Then there exists an open wedge W attached to M n V such that 
every continuous CR function on (M\N) fl V extends holomorphically into W and continuously 
in (M\N) U W. 

Proof. The condition that iV is a generic manifold in C n means that CRdim (T n N V\T£M) = 
p — 2, Vn G iV. Therefore, iV cannot contain germs of CR manifolds with CR dimension equal 
to p — 1. In two senses of speaking, Theorem 5. A treats the generic case of Theorem 2. 

To obtain Theorem 5. A, we shall use a natural and beautiful deformation result due to 
Joricke, obtained in [5] as a tool in her deriving a proof of a conjecture of Trepreau. 

Theorem. (Joricke [5]). Let z e M be generic, C 2 > a -smooth (0 < a < 1) in C n and let 
C be a truncated open convex cone in C n with vertex zq and some v G T^ Q M\{0} in C. Then 
for every neighborhood oo C C of C fl M in C n , every [3, < (3 < a, there exists a C 2 ' 13 -smooth 
generic manifold M d C M U uo with M d \u = M\u such that M d is minimal at zq . 

Let Zq E N and let U C V be a small neighborhood of z in M. Let M 1 be a closed 
C 2 ' a one codimensional connected generic submanifold of M fl U containing N (~)U. Since 
itself is generic, there exists C a truncated open convex cone in C n with vertex zq and some 
v G T Z C M!\{0} in C such that C n N = 0. 

Since (M fl U)\N has the wedge extension property, there exists a wedge Wo attached to 
(M fl U)\N to which CR functions on M\N holomorphically extend. We can first perform 
a small C 2,Q deformation M d of M into Wo leaving M\C fixed in order that Wo becomes a 
neighborhood oo of (Mi) d fl C in C™. Moreover, we can assume that the tangent spaces and the 
complex tangent spaces to M and M\ at zq are fixed under d. Thus, v G T£ (Mi) d too. 

Secondly, minimalize (Mi) d at zq by applying the deformation theorem of Joricke: we get a 
manifold (Mi) d ' z contained inuU (Mi\C) such that (Mx) d2 n (Mi\C) = Mi\C and (Mi)* is 
minimal at ^o- Furthermore, this deformation can be extended in a smooth deformation M d2 
of M with support in COM, i.e. M d2 n (M\C) = M\C. 

We shall now show that there exists a neighborhood W of ^o in M such that every point in 
(W fl A r )\{^o} is removable, that is, for each point z G (VF fl A^)\{^o} there exists a wedge W z 
of edge Matz with CR((M\N) n V) extending holomorphically into W z . 
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Indeed, let / be a function in CR((M\N) n V). Since / extends holomorphically into Wo, 
we get a function, still denoted by /, which is CR on M d ' 2 \N. We shall show in Lemma 5 
below that / extends holomorphically into a wedge of edge M d2 at zq. Since M = M d2 in a 
neighborhood of each point z G N with z 7^ Zq, this gives the desired result. 

Lemma. (Chirka and Stout [3]). Let M be generic, C 2 ' a and let M 1 C M be a C 2 ' 13 -smooth 
one codimensional submanifold, generic and minimal at z G Mi in C™. Let $ C Mi be a 
proper closed subset of Mi, &<3> 3 z . Then $ is removable at zq. 

Proof. Fix a function / G CR(M\$). Include Mi in a regular one parameter family 
M M , |s| < 5, 5 > of C 2 '^ manifolds contained in M, such that Mi ;0 = Mi, M 1>s n $ = 0, s 7^ 
and U s Mi jS = M near zo- Using cartesian equations for both Mi and M, these manifolds Mi jS 
can be defined as translation-like modifications of Mi. Furthermore, we can impose that all 
manifolds M^ s contain some fixed point Z\ G Mi\$. The method of sweeping out by wedges 
can be applied ([3]). Since existence of a disc with minimal defect is a stable property under 
C 2,13 deformations, Tumanov's theorem gives: every f s = }\m 1s is wedge extendible into a 
wedge W s of edge Mi )S for s G (— 8', 8')\{0}, < 5' < 5, and the wedges depend smoothly on 
s. By the uniqueness theorem and the fact that M\$ is connected near zq, all Mi jS containing 
Z\ G Mi\$, holomorphic extensions obtained constitute a single function / holomorphic into 
the union W = U s ^ Wt- By construction, the set W contains a nontrivial wedge of edge M at 
zq. Moreover, / is continuous up to M\$ and equals / there. 

The proof of Theorem 5. A is complete. 

Remark. The method of sweeping out by wedges can only be applied when CRdim M > 2, 
since otherwise any generic manifold Mi as above is totally real in C" hence has no CR structure. 

Remark. The method of proof of Theorem 5. A cannot be used to derive Theorem 1 or 
Theorem 2 in full generality for the following reason. If iV contains a CR manifold £ through 
zq with CRdim £ — p — 1, no one codimensional submanifold Mi of M containing N that is 
generic in C n can be minimal, since then £ contains the local CR orbit Oqr(zo, Mi). Notice 
that E can be a proper submanifold of N, 2p — 2 < dim E < dim N = 2p + q — 2or2p + g — 3. 

A second proof of Theorem 5. A can be obtained as follows and allows N to be of class C 1 . 

Proposition 5.B. Let M be a C 2 -smooth generic manifold in C n , CRdim M = p > 2, let 
N C M be a C 1 -smooth generic submanifold with codimu^ = 2 and let z G N. Then there 
exist two neighborhoods U, V CC U of z^ in M such that each function f G CR(U\N) can be 
uniformly approximated on compact subsets of V\N by holomorphic polynomials. 

Proof. This is an adaptation of the approximation theorem of Baouendi and Treves. Let 
I/o be a maximally real submanifold through zq with T Zo Lq = R™ contained in N, let if be a 
C 2 manifold through z with dim H + dim L = dim M and T ZQ L + T ZQ H = T ZQ M. There are 
maximally real manifolds Lh through h G H, closed in a fixed neighborhood U of zq in M, with 
the properties that M n V is the disjoint union of the Lh(lV, for some neighborhood V of zq 
in M, the Lh are uniformly close in C 1 norm to L , L h C N if h £ N and Lh H N = if h G" N. 
Fix a manifold L x contained in M\N and set, if / G CR(M\A^) and £ G V\N 




where (z — z) 2 = (z\ — z\) 2 + V (z n — z n ) 2 , r > and dz = dz\ A • • • A dz. 
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If z G V\N, z belongs to some manifold L~ h and we have, if / is of class C 1 

Grf(z) = (iy /2 J L _ e- T ^ f(z)dz+(^y /2 Jj(e- T{z -^ " f(z)dz) = (l)^ J L e^'-W f( z )dz, 

by Stokes' theorem. The last equality holds since / is CR on M\N, hence d(f(z)dz) = 0, and 
since X with = L\ — L~ h can be chosen to be contained in M\N. When / is only continous, 
the middle equality has to be interpreted in the distribution sense. 

Analysing the real and imaginary parts of the phase function — t(z — z) 2 on one can 
show that the last integral tends to f(z) as r tends to oo if the L~ h are sufficiently close to 
L in C l norm. Then the expression defining G T f(z) by integration on Li gives converging 
polynomial sequences using a truncated developement of the exponential in power series. 

The proof of Proposition 5.B is complete. 

Remark. The approximation property is still valid for CR functions extending holomorphi- 
cally into some wedge Wi of edge V at z\ G V, on compact subsets of (V\N) U W2, W2 C W\. 
Indeed, some uniformity is allowed in choosing the L h filling (V\N) U W2. 

Here is a second version of Theorem 5. A, whose proof uses deformations of discs instead of 
the minimalization theorem and the sweeping out by wedges lemma. 

Theorem 5.A.1 Let M be a C 2,a -smooth (0 < a < 1) generic manifold in C n (n > 3) with 
CRdim M = p > 2 and N C M a C 1 submanifold of M with codimuN = 2 that is generic 
in C n . Assume there exists an open neighborhood V of N in M such that (M\N) fl V has the 
wedge extension property. Then there exists an open wedge W attached to M fl V such that 
every continuous CR function on (M\N) fl V extends holomorphically into W and continuously 
in (M\N) U W. 

Proof. According to Proposition 5.B, CR functions on M\N are locally uniformly approx- 
imate on compact subsets of M\N by holomorphic polynomials. However, embedded discs 
attached to M\N are not in general analytically isotopic to a point in M\N, since the first 
homology groups Hi(V\N) = Z, for V a small open ball of center zq G N. 

Theorem 5.A.1 will be a consequence of Proposition below and existence of a good disc. 
Existence is checked as follows. There are holomorphic coordinates (w, z) on C n as in (10) 
such that TqN = {vi — v% — 0}. Then for small c > 0, the disc A c with holomorphic w- 
component w c (Q = (c(l — £), ic(l — Q,0, 0) and z-component satisfying the Bishop equation 
x c = -Tih(w C) x c ) is attached to M and satisfies A c (l) = G N, A c (bA\{l}) C M\N,v = 
i\e=oA c (e ie )^T N. 

PROPOSITION 5.1 Let M be generic, C 2 ' a -smooth, p > 1, let z E M, let N 3 z be a C 1 
submanifold with codim M N = 2 and T ZQ N 7$ T^ Q M and let V be a neighborhood of z in M. 
Assume that there exists a sufficiently small analytic disc A G C 2,/3 (A) attached to M with 
A(l) = z ,A(bA\{l}) C V\N,£ d \ e=0 A{e ie ) = v £ T^M,v £ T Z0 N . Let W 1 be a wedge of 
edge M at A(—l) and assume that CR functions on M\N extending holomorphically into Wi 
are uniformly approximable on compact subsets of (V\N) U W2, W2 C Wi, by holomorphic 
polynomials. Then for each e > 0, there exists v 00 G T Zo M with |t> o — v \ < e, t>oo ^ T ZQ N, 
voo G" T Zq M and a wedge W of edge M at (z , Jvoo) such that, if a function f G CR(M\N) 
extends holomorphically into Wi, it extends to be holomorphic into W. 

Remark. The proposition holds even if N is not generic. Thus, in a generic manifold 
with M\N having the wedge extension property, a C 1 two-codimensional singularity iV with 
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T Zo N /) T z c o M is removable at z if and only if CR functions on (M\N) U Wi are locally 
uniformly approximable by holomorphic polynomials on compact subsets of (M\N) U W2 near 
z . 

Proof. The proof uses the same deformations of discs as in Section 4, but holomorphic 
extendibility into the sets W\Nj> now is a direct consequence of the uniform approximability 
of CK(M\N) by holomorphic polynomials, and the maximum principle, as usual in the field [7] 
[9]. 

If v G T 2 C Q M, choose a disc A 00 = A tlyTlAl in the family of deformed discs constructed in 
(22) with v 00 = ±\ e =oA 00 {e ie ) = v 00 T C Z M, v 00 T Z0 N and \v 00 - v \ < e. 

The argument of overlapping wedges gives the following. Condition (i) insures that W2 is a 
wedge of edge M at (0, Jv 00 ) and 

N V2 = {A t>T)OiP0 (Ai); (t, r, a,po) eV 2 , Po e}Cr) N} 

is a closed one-co dimensional conic submanifold in W2 and similar properties hold for W 2 , N!p . 
Connectedness arguments run without modifications, since Jv 00 £ T M. 

Given a function / e CR(M\iV), one obtains a function F that is holomorphic into 

(W 2 UW^)\(N P2 nN!p 2 ) 

and continuous up to M\N, with F — f near on M\N. 

Condition (i) insures that the two wedges W2 and W 2 contain a wedge W of edge M at 
(0, Jvqo). Condition (ii) together with the facts that T N 7$ TqM and f o ^ T A^ imply that 
Mi = A^> 2 fl A^"p 2 is locally (i.e. near a point in W, see the proof of Proposition 4.1) a C 1 
two- co dimensional submanifold which is generic in C n . 

A generic locally closed two -codimensional manifold Mi in an open set W is removable for 
functions which are holomorphic into W\Mi. 

Indeed, according to Proposition 5.B, CR (i.e. holomorphic) functions on W\M\ are lo- 
cally uniformly approximable by holomorphic polynomials. Therefore, given a function / G 
0(W\Mi) and a small disc A attached to W\Mi, / o A|{,a extends holomorphically into A. 
Let G Mi fl W and choose a holomorphic coordinate system at ^ such that T Z0 Mi = 
{Hi — IJ2 — 0}. Then the discs A, iP0 = (c(, ic(, 0, 0) +Poj c > 0,po £ Mi, \p \ « c satisfy 
-^■c,po(l) = Po G ^i)^c,p (^) c W\Mi. As a consequence of the existence of such a family, 
each function / G 0(W\M 1 ) extends continuously, hence holomorphically, through Mi, as a 
F G 0(W) with F = / on W\Mi, and with 

f oA c, P0 (v) 



2«7T JfeA ?7 — C 



for p G Mi n W. 

The proof of Proposition 5.1 is complete. 

Return to the proof of Theorem 2. Since iV does not consist of a CR manifold with 
CRdim N = p — 1, all points where iV is generic in C n are removable. Therefore, the set 

N CR = {neN; CRdim T n N = p - 1} 

is a proper closed subset of N. The following Theorem finishes out the proof of Theorem 2. 
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THEOREM 5.2. Let M be a C 2 ' a -smooth (0 < a < 1) generic manifold in C n (n > 3) with 
p = CRdim M > 2, N C M a connected C 1 submanifold of M with codimu^ = 2 snc/i £/ia£ 
T 2 iV 7$ T^M for each z & N and let $ be a proper closed subset of N . Assume that there exists 
a neighborhood V of N in M such that M is minimal at every point of V . Then there exists 
an open wedge W attached to M n V such that every continuous CR function on (M\<3>) n V 
extends holomorphically into W and continuously in (M\$) U W. 

Proof. Fix a function / G CR{M\§). (M\$) fl V has the wedge extension property, since 
M is minimal at every point of V . Furthermore, / extends holomorphically into some open 
wedge Wo attached to (M\<E» nr ) fl V, where <3> r denotes the set of removable points of <3> and 
$ nr = <&\<& r denotes the set of nonremovable points. 

According to Theorem 5.A.1, $ r contains all points of $ where N is generic in C n . By 
definition, $ r is a relatively open subset of <3> and <3> nr is a proper closed subset of N. Assume 
that $ nr is nonempty. We shall reach a contradiction. 

Since iV is connected, there exists a point z in the relative boundary of $ nr with respect to 

N. 

Smoothly deform M in a C 2 ' a -smooth manifold M d by pushing it slightly into W , the 
deformation being sufficiently small in order that there still exists a good disc attached to M d 
at zq, as constructed in Section 2 on everywhere minimal CR manifolds. 

According to the Deformation Lemma, Proposition 2.1 and Proposition 3.8, removability of 
zq will be a consequence of the following. 

PROPOSITION 5.3. Let M be generic, C 2 ' a -smooth, let z e M, let N 3 z be a C 1 submanifold 
with codirriMN = 2 and T ZQ N T^M and let u be a neighborhood of M\$ in C" for some 
proper closed subset $ of N with z G 6$. Assume there exists a sufficiently small embedded 
analytic disc A e C 2 > P (K) attached to M, A(l) = z , with A(6A\{1}) C M\N, ^\ e=0 A(e ie ) = 
Vq T^M, vq $l T zq N and all discs in V(A, 5) attached to M\$ are analytically isotopic to a 
point in M\$ ; for some 5 > 0. Then there exists a wedge W of edge M at (z , Jvq) such that 
for every holomorphic function f G 0{ui) there exists a function F G 0(W) with F = f in the 
intersection ofW with a neighborhood of M\N in C n . 

Proof. The proof uses same deformations of discs as in Section 4 until we reach the argument 
of overlapping wedges. We take the notations of Section 4. 

Notice that condition (i) insures that W2 is a wedge of edge M at (0, r} ),r] Q = Jv mod T M 
and 

N P2 = {A,r,a, P0 (Ai); (*, r, a) G V 2 ,p G K. D N} 

is a closed one-co dimensional conic submanifold in W 2 (in other words, a CR-wedge over iV 
or a manifold with edge N), $p 2 = {A t)TjOjP0 (Ai); (t,r,a) G V2,Po G /C fl $} being a proper 
closed subset of N-p 2 . Since W2\$-p 2 is therefore connected, the continuity principle argument 
and Cauchy's integral yield a function F2 that is holomorphic into W2\$-p 2 , and similarly also 
F' 2 G 0(W2\&-p 2 )- By shrinking uj near and 7^2,^2 ^ necessary, we can insure that all the 
open sets 

un(w 2 \^r 2 ) cu n (W 2 \$ v i) wn((w 2 uyy^)\($ P2 n$^)) (30) 

are connected. Indeed, for the first two, this is true if ui is sufficiently thin near and for 
the third, condition (i) forces the two connected wedges W2 and W 2 to be with nonempty 
intersection. Since F 2 and F' 2 by construction assume the values of / on M\$, and since M\$ 
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is a uniqueness set, we have shown that there exists a function F that is holomorphic into 

^Up2uw;)\fen$ p ,)) (31) 

and F\ u = f. 

Condition (i) insures that the two wedges W2 and W 2 contain a wedge W of edge M at 
(0, rjo)- Take for convenience the restriction of F to uj U W\($p 2 fl and still denote it by 

F. Let z = A~,f,a,p (0 ^ e a P om t hi ®v 2 n ^-p 2 n ^ (^ suc ^ ex i s ^ s )- Let VV be a neighborhood 
of z in W. Then, according to conditions (i) and (ii) together with the facts that T N TqM 
and the projection on the fi-axis of vq = JjA),o,o,o(l) is nonzero, N-p 2 fl N-pi fl VV is contained 
in a two-codimensonal generic manifold L z passing through z. L z being generic, we can remove 
it for CR functions which are holomorphic into W\L Z . Indeed, this is done as in the proof of 
Proposition 5.1. Hence also $-p 2 fl $^ fl W is removable. We therefore showed that F extends 
holomorphically through $-p 2 fl $p/ as a function F G 0(W) continuous up to M\N with 

F\m\n = I\m\n- 

The proof of Theorem 5.2 is complete. 

Proof of Theorem 3. Theorem 3 is a corollary of the following. 
THEOREM 5.4. Let M be a C 2 ' a -smooth (0 < a < 1) generic manifold in C n (n > 3), let N 
be a closed connected C 2 generic submanifold of M with codimuX = 1 and let <E> C N be a 
proper closed subset of N. Assume that Ci?(M\$) has the wedge extension property and let $ r 
denote the set of removable points in $. Then $ nr = $\$ r has the following structure: b$ nr is 
a union of CR orbits of N. 

Proof. Assume on the contrary that there exists z G b& nr and a point Z\ G Ocr(X, zq) with 
z\ b& nr . Either there exists such a z\ with z\ G M\N or Ocr(X, z ) C $ nr and zi G Int $ nr . 
In the latter case, moving backwards along some perturbation of the piecewise smooth integral 
curve of T C M joining n with z±, one obtains that there exists a C 2 integral curve s 1— > X s (2; 2 ), s G 
[0, s ], so > of a T c M-tangent vector field X with ^ 2 G M\N,X s (z 2 ) G M\N, s G [0, s ) and 
2; = X SQ (z2) G 6$„ r - This is also true in the first case. 

Though 6$„ r can make a too thin etroiture at 2, there exist points zo G 6$ nr close to z 
such that there exists a truncated convex open cone T at (z , — X(z )) contained in N with 
T fl $„ r = 0. Indeed, choose a real euclidean coordinate system (rii, ...,nk), k = dim N on N 
near 2 such that integral curves of X correspond to lines n 2 = ct, = ct. Let Si < So be close 
to so, let r > be so small that the closed ball E>i = {z G N; (n x — n\) 2 + • • • + — n^) 2 < r 2 } 
is contained in JV\$ where z 1 = X si (z 2 ) has coordinates (nj, When <5 > 1 increases, the 

domains B s = {z G iV; (rii — n\) 2 /5 2 H h (n fc — n\) 2 < r 2 } increase and first touch for 

$ sup > 1 at points z G N with ni(z ) 7^ n}. Therefore, B$ contains open convex cones V at 
(z , -X(zq)) and since Int B 5sup C iV\$ nr , r fl $„ r = 0. 

We shall show that such a point ^ is removable, thus deriving a contradiction, firstly using 
the minimalization theorem and secondly using the deformation of discs technique. 

According to the Deformation Lemma, or Proposition 5.5 below, we can assume that we are 
given a continuous function / G CR(M\$ nr ) which extends holomorphically into a wedge Wo 
attached to M\$ nr . 

There exists a truncated open convex cone C in C n with vertex zo such that C fl N = T. 
If N is C 2 ' 13 , P > 0, minimalize N into C in a manifold Mi as in the proof of Theorem 5. A 
and apply the argument of sweeping out by wedges. Then b§ nr \{z } is removable near zo, and 
therefore also zq by Theorem 1, a contradiction. 
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Second, assume iV is C 2 -smooth. Since there exists a cone T C Af at (z , —X(zo)) and 
X(z ) G T^ Q N, there exists a disc A attached to N with A(l) G N and ^(7) C T for some open 
arc 7 C bA with —1 G 7. Indeed, choosing a holomorphic coordinate system (w, z) at zq as in 
(10) with Zq = and T 20 iV = = 0,t>i = 0} and X(0) directed in the positive u 2 -axis, this 
is true for the disc with (w2,---,w p ) ^-holomorphic component equal (c(l — £),0, ...,0), c > 
small and (wi,z)(() satisfying Bishop's equation relative to N. 

One can introduce a manifold K C N with G K, -^\ g=0 A(e te ) & T K, codin^i^ = 1 
and deformations A t of A in the normal space to A" at A(—l) depending on a real parameter 
teTc R 9 , q = codim N — 1, and on p G /C C X, such that each A tiPo is attached to A/" U Wo 

o 

and = {A tjPo (Ai); t G T,po G ^} generates a wedge of edge A" at 0. Include AMn a 
C 2 ' a -smooth one-parameter family N s , \s\ < 5, 5 > of C 2 ' Q generic manifolds N s contained in 
M such that A" = N, N s n $ n r = for s 7^ 0,U s A" s = M near and the N s contain some fixed 
point in T. Then, according to the smooth dependence of the solutions of Bishop's equation on 

o 

parameters, for each small s ^ 0, the sets W s = {As,t, Po (Ai); t G T,po G /C} are wedges of edge 
N s to which /|jv s , which is CR on A^ s , holomorphically extend and whose direction depends 
smoothly on s. As in the proof of the sweeping out by wedges lemma, the union of the W s for 
s^O generates a wedge W of edge M at z and the extensions obtained stick in a well-defined 
holomorphic function into W. 

The proof of Theorem 5.4. is complete. 

Remark. The second proof of Theorem 5.4 could also provide a second proof of Theorem 
5.A. with N of class C 2 . 

Proof of Theorem 4- The main observation is resumed in Proposition 5.5 below, according 
to which all notions of removability considered during the course are in fact one and the same. 

Given two wedges Wi and W2, one sets Wi CC W2 if their cones satisfy C\ fl S 2n ~ l CC 
C2 H S* 2 ™ -1 , where S 2n ~ l denotes the unit sphere in C™ identified with R 2n . Given two wedges 
Wo and Wq attached to M, one sets Wo CC Wg if W , z CC W , z > for each z. Notice that one 
has Wo CC Wq provided Wofl Wq contains a nonempty wedge attached to M, even if Wo <f- Wq 
This is because a wedge attached to M is not supposed to be exactly a wedge of edge M at 
each point of M. 

Proposition 5.5. Let M be generic, C 2,a -smooth, let $ be a proper closed subset of M , 
zq G 6$ and assume that M is minimal at zq. Then the following are equivalent. 

(i) Given a wedge Wo attached to M , 3 z , 3W attached to U such that Wf G O(Wo), 
3F G C(W) with F = f into a subwedge Wi CC W n W attached to U\$. 

(ii) Given a wedge W attached to M\$ ; 3U 3 z , 3W = W(U, z ), such thatMf G C(W ) 
continuous up to M\$ 7 3F G 0(W) continuous up to U\$ with F = f in 

(Hi) Given a wedge Wo attached to M\$ ; 3U 3 z , V V neighborhood of $ fl U in U , 
We > 0, 3U d C 2 ' a deformation of U , U d n (U\V) = U\V , \\U d - U\\c*.° < e such that 
V/ G C(W ) continuous up to M\$, 3f d G CR(U d ) with f d = f on U\V . 
When these properties hold, there exists a neighborhood U of zq in C™ and W a wedge attached 
to (M\$) U(Wn M) such that W = W outside U, W n W contains a wedge Wi attached to 
M\<£> and for each function f G 0(Wo) there exists F G 0(W) with F — f into W\. Moreover, 
these properties are equivalent to (i)' , (ii)' , (Hi)' where one replaces Wo with a neighborhood u 
o/M\$ in C n . 
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Proof, (i) (ii). Let Wo be wedge attached to M\$. By (i), there exists a wedge W = 
W(U',z ) such that V/ G £>(W ), 3F G 0(W), F — f into a subwedge Wi CC W n W 
attached to £/\$. Since Wi CC Wo, for such / continous up to M\$, /|yvi admits a continuous 
limit up to U\&, and then also F| Wl = /|wd proving that F is continous up to U\&. Hence 
(ii) holds. 

(ii) (Hi). Let W be a wedge attached to M\$. By (ii), there exists a wedge W = 
W(U', zo) over [/' at z such that V/ G O(W ) continous up to M\$, 3F G C(W) continuous 
up to C/'\$ with F = / in U'\&. Let [/ CC £7' be a subneighborhood, let V be a neighborhood 
of $ n [/ in U and e > arbitrary Since W(U', zq) is a wedge of edge U' at ^o, there exsists a 
C 2 ' a deformation U d C WU (C/\F) of C/ with U d = U in C/\V and ||£/ d - C/|| C 2.« < e. For each 
function / extending as a F G 0(W), one sets f d := F^d which is CR without singularities on 
U d and satisfies f d = f on C/\V. Hence (m) holds. 

(Hi) =>- (i). Let Wo be a wedge attached to M\$. Choose a wedge Wi C Wo attached to 
M\<3> with Wi CC Wo near zq, a C 2,a varying direction on M\<3> near ^o and Wi = Wo away 
from zq. Deform first M in a one-parameter family of C 2 ' a manifolds M dl , di > 0, M dl C Wi U$ 
with | |M dl -M| | C 2, Q < £(di) < 5/2, 5 > 0, e(dx) -> as di -> and for each function / G O(W ) 
take / dl = f\ M d 1 G CR(M dl \$). Then the f dl are in fact defined in a neighborhood Wi of 
M dl \<3> in C n and holomorphic there. Choose 5 > so small that for each C 2,a manifold M' 
with \\M' — M\\ C 2, a < 5, there exists a wedge W(A') associated with a disc of zero defect A' 
attached to M' which is a smooth perturbation of a disc A attached to M through z of zero 
defect and the size U' of the base of W(A') in M' satisfies dist(6C/', z' ) > k > for every M'. 

According to (m), there exists a neighborhood U dl 3 z such that, given V a neighborhood 
of $ fl £/ dl in and e 2 > arbitrary, there exists a C 2,a deformation (U dl ) d2 of C/ dl , rf 2 > 
0,([/ d i)° = with ||(C/ dl ) d2 -C/ dl || C 2,a < e 2 < 5/2 such that V/ G C(Wi),3/ d2 G CR((U dl ) d *) 
with / d2 = / dl in U dl \V = (U dl ) d2 \V. Since f d2 is CR and we can assume that the size of 
A dl is smaller than U dl , so there exist perturbations (A dl ) d2 of A of zero defect attached to 
(U dl ) d2 , therefore f d2 extends holomorphically into a wedge W((A dl ) d2 ) of edge (U dl ) d2 near 
(z dl ) d2 . Letting 0I2, 62 tend to zero and V shrink to $, this shows that f dl G CR(f/ dl \$) extends 
holomorphically into W(A dl ) as a function F dl G C(W(A dl )) continuous up to U dl \$. In fact, 
we just showed that (Hi) =3- (ii). 

Then the F dl stick together in a well-defined holomorphic function in W2 = \J dl>o yV(A dl ). 
Indeed, the wedges W(A dl ) varying differentiably as ^^-(1), they make successive connected 

intersection and one obtains a function F d ' 2 G 0(W2)- Shrinking the height of Wi, i.e. the 
troncature of the cones defining Wi at each point, one can insure that W2 H Wi has as many 
connected components as U\$, for some neighborhood U 3 zq in M. Thus, and F 2 stick 
in a well-defined function F G C(W), W := Wi U W 2 . Hence (i) holds. 

The functions / G O(Wi) and F G C(W) stick together in a holomorphic function in the 
wedge Wi U W attached to (M\$) U Ui, since / = F in each connected component of Wi. 

The equivalence of (i)', (ii)' and (Hi)' is proved in exactly the same way. (Hi) implies (Hi)' 
and conversely, in the proof of (Hi) =^ (i), it was in fact proved that (Hi)' =3- (i). 

The proof of Proposition 5.5 is complete. 

We can also translate the equivalences of Proposition 5.5 when one assumes that only a CR 
function is previously given. 

Corollary 5.6. Let M be generic, C 2,OL -smooth, let $ c M be a proper closed subset of M, 
z G 6$ and assume that M is minimal at z . Then the following are equivalent. 
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(iv) 3 W of edge M at z such that V/ G CR(M\$) 3F G 0(W) continuous up to M\$ 
with F = f there. 

(v) 3U 3 z such that W neighborhood of $ n U in U , Me > 0, 3U d C 2 ' a , U d n (U\V) = 
U\V, \\U d - U\\ C 2, a < e such that V/ G CR(M\$), 3f d G CR{U d ), f d = f on U\V . 

If CR(M\Q) has the wedge extension property at every point of M\<3>, these are still equivalent 
to (i), (ii), (Hi) above. 

Remark. Assume now that <3> = N is a proper at least one-codimensional submanifold of 
M. We can avoid assuming that M is minimal at zq in the equivalence above. Using normal 
deformations of discs as in the proof of Theorem 5.4, we could prove also: 

COROLLARY 5.7. Let M be generic, C 2,a - smooth, let N C M be a submanifold, codim M N > 1, 
let zq E N and assume that T ZQ N ~~b T^M. Then the equivalences of Proposition 5.5 hold with 
<I> V. 

Proof. We only suggest that, when assuming that T ZQ N ~~b T^ o M, we implicitely assume that 
there exists a disc A attached to M with A(l) = z G iV and A (7) n N = for some open arc 
7 3 —1 in bA. Then, (Hi) enables one to consider CR functions on a deformation of M without 
singularities and the deformations of A in the normal space to M at A(—l) in Wo render it 
possible that A plays the role of a disc of zero defect as in the proof of 5.5, (Hi) (i). 

The proof of Corollary 5.7 is complete. 

Proof of Theorem 5. Since T ZQ N + T 2 C Q M = T Zo M and codimM^ = 2, we can assume that 
N is given in a coordinate system as (10) by 

y = h(w,x) w p = g(w',x), 

where w' = (wi, ...,w p -i), h(0) = 0, dh(0) = and g(0) = 0. Since N is CR and has CRdim iV = 
p — 1, g is CR on the manifold N n C C p_1 with equation y = H(w',x), where H(w',x) = 
h(w', g(w',x),x). Since N w is minimal at 0, there exists a family Aj nQ of discs attached to N w 
in C™ _1 such that for t in a neighborhood T of in R5 -1 , n in a one codimensional manifold /C C 
N w through and ( GAi, the set of points Aj nQ (() spans a wedge W 71 " of edge N w in C™" 1 . We 
can assume that the A% have a w'-component which embeds A into C n_1 and ■^\ e=0 A(e id ) G" 
TyN n , since N n is minimal at every point (see the argument in the proof of Proposition 2.1). Set 

^no(0 = «no(0,^,no(C))- SinCe 9 is CR > A t,n (() = «„ (C) ,^«„ (0 , X t>no (()) , 2 t ,„ (C)) 

is a holomorphic disc in ( attached to N. For a in a neighborhood V of in C, consider 
the analytic disc attached to M A t)n0>o (C) = (^,„ (C). ^(^,no(0> ^,«o(C)) + a,^,„ , a (C)) where 
x t ,n ,a = - T iH w t,noi9(w't,n i x t,no) + a, ^,no,o) +^,n ( 1 )- Since /i(0) = 0, d/i(0) = 0, we have 
the estimate \x t , no ,a — x t,n \ < e\cl\, £ « 1 and this proves that A tyniua (bA) fl iV = when 
o ^ 0. Furthermore, if the size of Aj no is sufficiently small, by taking a = a(s) ^ 0, < 
s < 1, one can check that the discs A tm ^ a are analytically isotopic to a point in M\N . Since 
dim T^M/(T^ Q M <~)T Zo N) = 2, M\iV is globally minimal around z , hence CR functions on 
M\N are wedge extendible at every point of M\N near zq [6]. Therefore the argument in the 
proof of Proposition 4.2 can be repeated here: CR functions are holomorphically extendible 
into the wedge open set 

W\W an = {A,n ,a(0; teT,n elC,ae V\{0},( GAi} (32) 
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minus the analytic wedge 

W an = {A,n (0; teT,n e K,{ eAi}. 

The proof of Theorem 5 is complete. 
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